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Abstract
We present the higher-dimensional generalization of anisotropic (pseudo)spherical
oscillator suggested recently in [ArXiv 0710.5001], and the related spherical and
pseudosperical generalizations (MICZ-)Kepler like systems with Stark term and
cos θ potential. We write down the potentials and hidden symmetry generators of
these systems, in terms of ambient Euclidean space.
The oscillator plays a distinguished role among mechanical systems with hidden sym-
metries. Due to enormous number of hidden symmetries it preserves its integrability
property after numerous deformations. Most known among them are the anisotropic os-
cillator and the isotropic oscillator in the presence of constant magnetic field. The are also
less known, nonlinear deformations of the oscillator, preserving the integrability property,
e.g. the 2p-dimensional oscillator deformed by the potential
Unlin = −2εel
p∑
i=1
x4i − x
4
i+p. (1)
An interesting peculiarity of the oscillator is its relation with the Kepler system. Namely,
(p + 1)−dimensional Kepler system can be obtained by the appropriate reduction pro-
cedures from the 2p−dimensional oscillator, for p = 1, 2, 4 (for the review see, e.g.
[1]). These procedures, which are known under the names Levi-Civita (or Bohlin) [2],
Kustaanheimo-Stiefel [3] and Hurwitz [4] transformations, imply the reduction of the os-
cillator by the action of Z2, U(1), SU(2) group, respectively, and yield the Kepler-like
systems with hidden symmetry, which are specified by the presence of monopoles [5, 6, 7].
The second system (with U(1) (Dirac) monopole) is most known and the most important
among them. It was invented independently by Zwanziger and by McIntosh and Cisneros
[8]. Presently it is called MICZ-Kepler system. Let us notice, that the (pseudo)spherical
analog of the two-center Kepler system [9], as well as the two-center MICZ-Kepler system
[10], are also integrable systems. The (pseudo)spherical two-center MICZ-Kepler system
[11] seems also to be integrable system.
After similar reductions the deformed oscillators result in the integrable deformations
of the Coulomb systems. For example, the 2p-dimensional oscillator with additional
anisotropic term
UAI =
∆ω2
2
p∑
i=1
(x2i − x
2
i+p) (2)
results in the (p+ 1)−dimensional Kepler system with potential
Vcos =
∆ω2
4
cos θ =
∆ω2
4
xp+1
|x|
, (3)
while the oscillator deformed by the potential (1) results in the (p+1)−dimensional Kepler
system with linear potential, which is the textbook example of the deformed Kepler system
admitting the separation of variables in parabolic coordinates.
The oscillator admits the generalizations to a d−dimensional sphere and a two-sheet
hyperboloid (pseudosphere) which also possesses the hidden nonlinear symmetry. This
generalization was suggested by Higgs [12]. Presently it is referred as Higgs oscillator.
The Higgs oscillator is defined by the potential
Uosc =
ω2R20
2
x2
x20
, (4)
where x, x0 are the Cartesian coordinates of the ambient (pseudo)Euclidean space IR
d+1(IRd.1):
ǫx2 + x20 = R
2
0, ǫ = ±1. The ǫ = +1 corresponds to the sphere and ǫ = −1 corresponds
to the pseudosphere. This system has the same number of hidden symmetry generators,
like a planar one, which are given by the expression
Aαβ =
JαJβ
2R20
+ ω2R20
xαxβ
2x20
, (5)
where Jα are the translation generators along xα direction.
Consequently, the properties of the Higgs oscillator are quite similar to the properties
of conventional oscillator. For example, Higgs oscillator has closed classical trajectories
and degenerated energy spectrum, it admits the separation of variables in a few coordi-
nate systems, etc. Moreover, the 2p-dimensional pseudospherical Higgs oscillator can be
related (completely similar to the planar case) with (p + 1)-dimensional pseudospherical
(MICZ-)Kepler system, and 2p-dimensional spherical Higgs oscillator can be related with
(p+1)-dimensional pseudospherical (MICZ-)Kepler system [13]. After appropriate “Wick
rotation” (similar to the one performed in [14]) of the MICZ-Kepler system on hyper-
boloid, one can obtain the MICZ-Kepler system on the sphere constructed in [15]. Let us
remind that (pseudo)spherical Kepler system, which possess the hidden symmetries, has
been suggested by Schroedinger [16]. It is defined by the potential
VKepler = −
γ
R0
x0
|x|
. (6)
Hence, one can expect that the Higgs oscillator could have the anisotropic integrable
generalization, similar to the conventional one. This generalization, which was found in
our recent paper [17], is defined by the potential
∆ω2
2
xT̂x, (7)
where (T̂ is d× d) symmetric matrix which obeys the conditions
T̂ 2 = Îd, T̂ 6= Îd. (8)
The hidden symmetry generators of this anisotropic oscillator read
A = AT +
∆ω2
2
xT̂x, AT ≡ TαβAαβ . (9)
2
The (pseudo)spherical analog of the oscillator with additional potential (1) was found in
[17] as well. It is defined by the Higgs oscillator Hamiltonian with additional potential
term
Unlin = εelR
2
0
(R20 + x
2
0)
x40
(xx)(xT̂x). (10)
The hidden symmetry generator of latter system is given by the expression
A = AT + 4εel
(
R20x
4
x20
+
R40(xT̂x)
2
x40
)
. (11)
With these potentials at hand one can get the integrable pseudospherical analog of
Kepler system with linear and cos θ potentials. For this purpose, we must perform the
Kustaaheimo-Stiefel transformation of the four-dimensional anisotropic Higgs oscillator,
and obtain the three-dimensional (MICZ-)Kepler system with the additional potential
given by the expression [17],
VAI =
∆ω2
2
(
x3
|x|
+ ǫ
x0x3
R20
)
+ εel
x0x3
R0
(12)
We must perform its “Wick rotation” and take its real part, to get the spherical coun-
terpart of the obtained system. In terms of ambient space coordinates the additional
potential of the resulting spherical system will be given by the same expression, as the
one of the pseudospherical system (12).
The hidden symmetry generator of the obtained system is defined by the expression
A = A3 +
(
2εel +
∆ω2
|x|
)[
x2 − x23
]
(13)
where A3 is the third component of the (pseudo)spherical Runge-Lenz vector. That is
why we define the (pseudo)spherical analog of the linear potential by the expression
VStark = εel
x0
R0
xp+1. (14)
Besides, we can define the following (pseudo)spherical analog of the potential (3)
Vcos =
∆ω2
2
xp+1
|x|
. (15)
So, we presented the integrable (pseudo)spherical generalization of anisotropic oscilla-
tor which can be viewed as a deformation of the well-known Higgs oscillator. By the use of
this system, we constructed the integrable (pseudo)spherical analog of the MICZ-Kepler
system with the linear and cos θ potentials.
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